Introduction
In arithmetic ring Z mod p k (prime p >2), the order (p − 1)p k−1 of the cyclic group G k of units implies product structure G k = A k B k mod p k . Extension group B k ≡ {xp + 1} mod p k of order q k = p k−1 has generator p + 1, and 'core' subgroup A k ≡ {n q k } mod p k has order p − 1 for all k > 0 [1] . For each core residue, in a p − 1 order cyclic group, holds n p−1 ≡ 1 mod p k , generalizing Fermat's Small Theorem (F ST ) to precisions k >1. In fact p − 1 generates all 2p k−1 residues ±1 mod p, thus ± B k , due to (p − 1) p m−1 ≡ p m − 1 mod p m+1 . Studying r p−1 = r p /r of divisors r | p − 1, its complement p − r and inverse r −1 are critical in the next analysis mod p 3 .
Regarding the unsolved problem of a simple rule to find primitive roots of 1 mod p k (prime p >2), consider the divisors r of p − 1, or of p + 1. It stands to reason to look for generators of G k (primitive roots of 1 mod p k ) among the divisors of such powerful generator as p − 1, or p + 1. For prime structure i p i e i of p − 1 (or p + 1) there are i (e i + 1) divisors, forming a lattice, which is Boolean if p − 1, resp. p + 1, is squarefree. The product structure of units group G k mod p k is: Each natural n < p k can be interpreted as non-negative integer and as residue mod p k , with a unique k-digit representation (base p). Thus B k consists of all p k−1 k-digit representations with 1 as least significant digit, which are all generated as powers of 11 (base p). Subgroup F k = {x p } of p-th power residues in G k has order |G k |/p = (p − 1)p k−2 , for k=2 yielding core A 2 mod p 2 .
The question is: for which least k differ all x p−1 mod p k , shown to be k = 3, if restricted to the divisors of p − 1, and of p + 1 (separately).
Def: the "image" of integer or unit x ∈ G 3 is residue x p−1 mod p 3 , and 3 and also its residue mod p 3 .
Main result (thm2.2): for odd prime p distinct divisors r | p ± 1 have distinct r p−1 mod p 3 ∈ B 3 , so among the divisors of p ± 1 only r = 1 has r p−1 ≡ 1 mod p 3 (cor2.2).
2 Factoring rs = p − 1 and r p−1 s
Notice that the odd divisors of p + 1 are coprime to those of p − 1. Furthermore:
Distinct invertable divisors (viz. units) r | p − 1 have different inverses r −1 mod p 3 in G 3 , and r p−1 ≡ r p r −1 with r p mod p 3 in G 2 ⊂ G 3 . Now (3) and automorphism n → n −1 mod p 3 of G 3 suggest a 1−1 mapping: r → r p−1 into B 3 , with distinct images r p−1 mod p 3 . The next well known property is essential for such unicity result. 
yielding image 2p 2 + 1 mod p 3 only for trivial pair (1, p 2 − 1).
For rs = p − 1, and also for rs
Proof. By lemma 2.1 all constant product pairs rs = p 2 − 1 have distinct sums r + s. Cofactor pairs (r, s) can be ordered r < p < s < p 2 without loss. Pairsums 2p ≤ r + s ≤ p 2 are minimal at (r, s) = (p − 1, p + 1) and maximal at (1, p 2 − 1). In fact:
(4) p divides r + s only at the two extremes of 2p ≤ r + s ≤ p 2 , and r + s = p 2 iff r=1. Because r + s ≡ 0 mod p and i = p − r < p imply rs = (p − i)(mp + i) = p 2 − 1 for some m > 0, yielding i = m = 1 or i = m = p − 1. And p 2 divides r + s only if r = 1, while p (and not p 2 ) divides r + s = (p − 1) + (p + 1) = 2p only for r = p − 1.
All p-complement pairs (p − r, s − p) have distinct products due to distinct r + s ≤ p 2 since:
Note: r and p-complement p − r are not both in core
If rs = p 2 − 1 then (p 2 − 1) −1 ≡ −(p 2 + 1) mod p 4 and lem2.1 imply that all cofactor inverse sums are distinct mod p 2 :
For divisors rs = p ± 1, quadratic analysis (mod p 3 ) suffices to yield a unicity property of images r p−1 in subgroup B 3 of order p 2 , and of (r ± s) 2 in G 3 , to be derived first (lem2.2). Like F ST , consider exponents n < p, especially n = p − 1 which yields images 1 mod p in B 3 .
Note: n(p − n) = p − 1 yields n ∈ {1, p − 1}, so if r divides p − 1 properly, then p − r does not. Similarly, this also follows for r | p + 1 and its complement p − r.
For rs = p − 1, so r + s ≤ p, or alternatively for rs = p + 1 with r + s ≤ p + 2 (r < √ p ) :
Def : set E n = {(r + s) n mod p 3 }, with E 1 = E = {r + s}, powersums F n = {r n + s n } and differences D n = {r n − s n } mod p 3 .
(8) Distinct powersums r n + s n mod p k (rs = p ± 1, 0 < n < p) require at least residues mod p 3 .
Because a p−1 ≡ 1 mod p ∈ B 3 (unit a), and image (rs
So distinct powersums require at least analysis mod p 3 , which is also sufficient, as shown next.
Lemma 2.2
For odd prime p, and all natural cofactor pairs (r, s) with rs = p − 1 :
, and the same holds for rs = p + 1.
Proof. For squares r 2 + s 2 = (r + s) 2 − 2rs the constant shift −2rs = −2p 2 − 2, with converse +2rs, yields a bijection for integers, and since r 2 + s 2 < p 3 for r, s < p also E 2 ←→ F 2 mod p 3 .
To show |E 2 | = |E| let rs = tu = p − 1 (0 < r < t < p) sothat (lem2.1): t + u < r + s < p, implying (t+u) 2 < (r+s) 2 < p 2 . Subtraction of 2tu = 2rs = 2(p−1) yields t 2 +u 2 < r 2 +s 2 < p 2 , hence inequivalence mod p 2 . Also u − t < s − r < p, so (u + t)(u − t) < (s + r)(s − r) < p 2 , with 
Proof. Since F 0 ≡ {r 0 +s 0 } ≡ {2}, take n = 1 as induction basis to derive |F p−1 | from |F 1 | = |E|, while by F ST : r p + s p ≡ r + s mod p hence |F p | = |E|. Recall (8) that for n = p − 1 at least mod p 3 is necessary for distinct powersum residues, which is also sufficient, seen as follows.
Recursion (9) maps term r n + s n ∈ F n to r n+2 + s n+2 ∈ F n+2 , and vv. by its converse (9') :
(9) r n+2 + s n+2 :≡ (r + s)(r n+1 + s n+1 ) − rs(r n + s n ) mod p 3 (9') r n + s n :≡ [ (r + s)(r n+1 + s n+1 ) − (r n+2 + s n+2 ) ]/(rs) mod p 3
Converse (9') of (9) exists, since both p ± 1 are units in G 3 with unique inverse (rs) −1 mod p 3 . The functions (9) and (9') are injective (1−1), because let rs = tu = p − 1 with r < t while x ≡ r n + s n ≡ / t n + u n ≡ y both map by (9) to r n+2 + s n+2 ≡ t n+2 + u n+2 ≡ z ∈ F n+2 for some n. However, |F n | ≤ |E| where |F n | is a non-increasing function of n for 0 < n ≤ p , while
by (9). So (9) and (9') are injective and define a bijection F n ←→ F n+2 mod p 3 for 0 < n ≤ p.
Hence by |F 2 | = |F 1 | = |E| (lem2.2) and induction: |F n | = |E| for odd and even positive n ≤ p.
Similarly r n+2 − s n+2 := (r − s)(r n+1 + s n+1 ) + rs(r n − s n ) and its converse : Note: 7 divides p + 1 = 42, hence both 7 and 10 divide p 2 − 1. So image unicity mod p 3 does not hold in general for r | p 2 − 1 (odd prime p), but for divisors of p − 1 and p + 1 separately. A common image mod p 3 for two coprime divisors of p 2 − 1 occurs for p < 4.10 4 only at 41 and 43.
By notation (2) let x" be image x p−1 in B 3 , and consider equivalence ≡ by default mod p 3 . Then trivial r=1 has cofactor image s"
Since only trivial divisor s = p − 1 has r + s = p , it has unique image s" ≡ p + 1. Moreover, rs = p + 1 has image (p + 1) p−1 ≡ (p 2 + 1)/(p + 1) ≡ 2p 2 − p + 1, hence:
Corollary 2.1 Cofactor pairs rs = p ± 1 (r < s < p, odd prime p) satisfy special bijections: rs = p − 1 : (r, s) = (1, p − 1) ←→ r + s = p ←→ (r", s") ≡ (1, p + 1) mod p 3 rs = p + 1 : (r, s) = (1, p + 1) ←→ r + s = p + 2 ←→ (r", s") ≡ (1, 2p 2 − p + 1) mod p 3
Recall that A 2 ≡ F 2 ≡ {n p } mod p 2 , so all p-th power residues mod p 2 form core A 2 . Now r p ≡ / r mod p k implies inequivalence mod p k+1 , so corollary 2.1 yields directly:
Corollary 2.2 Each proper divisor r | p ± 1 has r p ≡ / r mod p k≥3 (viz. not in core A k )
So F ST equivalence n p ≡ n mod p is extended and complemented to in-equivalence mod p 3 for divisors of p ± 1. Now 2 divides p ± 1 for prime p > 2, and 3 divides one of (p − 1, p + 1) so :
For exponent k ≥ 3 :
2 p ≡ / 2 mod p k for prime p > 2, and 3 p ≡ / 3 mod p k for prime p > 3.
